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Abstract
The relativistic Dirac equation in four-dimensional spacetime reveals a coherent relation be-
tween the dimensions of spacetime and the degrees of freedom of fermionic spinors. A massless
Dirac fermion generates new symmetries corresponding to chirality spin and charge spin as well as
conformal scaling transformations. With the introduction of intrinsic W-parity, a massless Dirac
fermion can be treated as a Majorana-type or Weyl-type spinor in a six-dimensional spacetime
that reflects the intrinsic quantum numbers of chirality spin. A generalized Dirac equation is ob-
tained in the six-dimensional spacetime with a maximal symmetry. Based on the framework of
gravitational quantum field theory proposed in Ref. [1] with the postulate of gauge invariance and
coordinate independence, we arrive at a maximally symmetric gravitational gauge field theory for
the massless Dirac fermion in six-dimensional spacetime. Such a theory is governed by the local
spin gauge symmetry SP(1,5) and the global Poincare´ symmetry P(1,5)= SO(1,5)⋉P 1,5 as well as
the charge spin gauge symmetry SU(2). The theory leads to the prediction of doubly electrically
charged bosons. A scalar field and conformal scaling gauge field are introduced to maintain both
global and local conformal scaling symmetries. A generalized gravitational Dirac equation for the
massless Dirac fermion is derived in the six-dimensional spacetime. The equations of motion for
gauge fields are obtained with conserved currents in the presence of gravitational effects. The
dynamics of the gauge-type gravifield as a Goldstone-like boson is shown to be governed by a con-
served energy-momentum tensor, and its symmetric part provides a generalized Einstein equation
of gravity. An alternative geometrical symmetry breaking mechanism for the mass generation of
Dirac fermions is demonstrated.
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I. INTRODUCTION
After building the theory of general relativity [2], Einstein predicted the existence of
gravitational waves [3]. The direct observation of gravitational waves at LIGO [4] and
the discovery of the Higgs boson at the LHC [5, 6] motivate us to further explore more
fundamental issues, such as the structure of matter, the dynamics of spacetime, the origin
of the universe and the mass generation of quantum fields. These are the most challenging
problems in the basic sciences and all concern a deep understanding of the nature of gravity.
The gravitational force is currently characterized by the theory of general relativity (GR),
which is applied successfully to describe the macroscopic world. GR was formulated by
Einstein based on the postulate: the laws of physics must be of such a nature that they apply
to systems of reference in any kind of motion. More explicitly, the physical laws of nature
are to be expressed by equations which hold good for all systems of coordinates,
Rµν − 1
2
gµνR =
8πG
c4
Tµν , G =
~c5
M2P
, (µ = 0, 1, 2, 3) (1)
where G is Newton’s gravitational constant and c the speed of light in vacuum, and ~
and MP the Planck constant and Planck mass, respectively. The left-hand side shows the
geometric property of spacetime with Rµν the Ricci tensor and R = g
µνRµν the curvature
tensor, which is determined by the metric tensor gµν , and the right-hand side reflects the
property of matter with Tµν the energy-momentum tensor of matter.
The establishment of GR and its experimental tests have led to a breakthrough in the
understanding of the structure of spacetime and the correlation between the geometric prop-
erty and matter distribution. It has been shown that the gravitational force is characterized
as the dynamic Riemannian geometry of curved space-time. Namely, the physical laws are
invariant under the general linear transformation of local GL(4,R) symmetry, which indi-
cates that space and time can no longer be well defined in such a way that the differences
of the spatial coordinates or time coordinate can be directly measured by the standard
ways proposed in special relativity. Furthermore, energy-momentum conservation cannot
be well defined, as the GL(4,R) group contains no symmetry of the translational group
P 1,3. Manifestly, it is in contrast to other three basic forces, the electromagnetic, weak and
strong forces [7–15], which are all described by gauge field interactions within the frame-
work of quantum field theory (QFT). QFT has been established based on the globally flat
Minkowski spacetime of special relativity and possesses a global symmetry of inhomoge-
neous Lorentz groups in four-dimensional spacetime, which contains both the Lorentz group
SO(1,3) and translational group P 1,3, i.e., Poincare´ group P(1,3) = SO(1,3)⋉P 1,3.
Such an odd dichotomy causes difficulties for the quantization of gravitational force and
the unification of gravitational force with the other three basic forces. This should not be
surprising, as GR was formulated by Einstein in 1915 as a direct extension to special relativ-
ity. At that time, quantum mechanics was not yet established and the equation of motion of
the electron was unclear, not to mention that the weak and strong forces as well as the basic
building blocks of nature and the framework of QFT were all unknown. Quantum mechan-
ics was originally established in the mid-1920s as a non-relativistic quantum mechanics and
obtained by quantizing the equations of classical mechanics by replacing dynamical variables
with operators. Its mathematical formulation is applied in the context of Galilean relativity.
A relativistic formulation was a natural extension of non-relativistic quantum mechanics.
The key progress made by Dirac was the relativistic quantum Dirac equation [16],(
E− cα · p− βmc2)ψ = 0 ; or (E+ cα · p+ βmc2)ψ = 0 (2)
with α = (α1, α2, α3) and β the 4 × 4 Hermitian matrices satisfying the conditions αiβ =
−βαi, αiαj = −αjαi ( i 6= j) and α2i = β2 = 1. The matrices multiplying ψ shows that
it is a field with a complex four-component entity. The Dirac equation is relativistically
invariant. More explicitly, a Poincare´ covariant formulation of the Dirac equation can be
expressed as
(γµi∂µ −m)ψ = 0 , µ = 0, 1, 2, 3,
ψT = (ψ1 , ψ2 , ψ3 , ψ4) , γ
0 = β , γi = βαi , (3)
with the 4-dimensional coordinate derivative ∂µ = ∂/∂x
µ and the 4×4 γ-matrix γµ, which
satisfies anticommutation relations
{γµ γν} = ηµν , ηµν = diag .(1,−1,−1,−1) (4)
The Dirac equation is a crucial step for the unity of quantum mechanics and special rela-
tivity, which led to the successful development of relativistic quantum mechanics and QFT.
The Dirac equation reveals an interesting correlation between the dimensions of spacetime
and the degrees of freedom or quantum numbers of the basic building blocks, such as elec-
trons and quarks. Specifically, the four-dimensional spacetime of coordinates correlates with
the four-component entity of the Dirac spinor. Such a four-component entity field reflects
the spin-1
2
property and negative energy solution of the Dirac field ψ(x), which provided a
pure theoretical prediction of the existence of antiparticles.
Inspired by the relativistic Dirac equation, in this paper we will investigate the intrinsic
properties of a massless Dirac spinor and show an additional correlation between the chi-
rality spin quantum numbers and extra dimensions. We shall begin with a demonstration
to show the maximal symmetry for a massless Dirac spinor and how to derive a generalized
Dirac equation in a six-dimensional spacetime. We then follow the framework of gravita-
tional quantum field theory proposed in Ref. [1] with the postulate of gauge invariance and
coordinate independence, which is an alternative to Einstein’s postulate on general covari-
ance of coordinate transformation for the theory of general relativity [2], to find a unified
description of quantum mechanics and gravitational interaction for the massless Dirac spinor
in the six-dimensional spacetime.
Our paper is organized as follows. In Section 2, by considering a massless Dirac spinor,
we extend the Dirac equation in four-dimensional spacetime to an extended Dirac equation
in a six-dimensional spacetime, so that the Lorentz symmetry group SO(1,3) in the vector
representation of coordinates and the spinor spin symmetry group SP(1,3)∼= SO(1,3) in
the spinor representation of the Dirac field are generalized to the Lorentz symmetry group
SO(1,5) and the spinor spin symmetry group SP(1,5), respectively. Under the ordinary
parity and time-reversal operations, the fifth and sixth dimensions transform as spatial
and time-like dimensions, respectively. An intrinsic W-parity is introduced to characterize
the two extra dimensions. With the properties of charge-conjugation and W-parity, we
demonstrate in Section 3 the existence of a maximal internal gauge symmetry SU(2) for the
massless Dirac spinor. An action with the maximal symmetry is built in the globally flat
six-dimensional Minkowski spacetime. We then derive a generalized relativistic quantum
equation for the massless Dirac field and the gauge field as well as the singlet scalar field
introduced to maintain a conformal scaling symmetry. Doubly electrically charged bosons
are predicted in the theory. In Section 4, when taking the spinor spin group symmetry
SP(1,5) and the global conformal scaling symmetry of the Dirac field as internal gauge
symmetries, we are led to a biframe spacetime structure TM ×GM associated with its dual
spacetime T ∗M × G∗M over the Minkowski spacetime MA. A bicovariant vector gravifield
χˆ µˆaˆ (x) (a dual gravifield χ
aˆ
µˆ (x)) defined on TM ×GM (a dual biframe spacetime T ∗M ×G∗M)
is introduced to characterize the gravitational interaction. Based on the nature of globally
and locally flat vector spacetimes, it allows for the canonical identification of vectors in the
tangent Minkowski spacetime TM at points with vectors in the Minkowski spacetime MA
itself, and also the canonical identification of vectors at a point with its dual vectors at the
same point. The total spacetime is viewed as a gravifield fiber bundle E with the identified
locally flat gravifield spacetime G ≡ GM ∼= G∗M as the fiber and the identified globally flat
vacuum spacetime V ≡ TM ∼= T ∗M ∼= MA as the base spacetime. With the principle of
gauge invariance and coordinate independence proposed recently in Ref. [1] for a quantum
field theory of gravity, we arrive at a gravitational gauge field theory for a massless Dirac
spinor with maximal symmetry in the locally flat gravifield spacetime G. In Section 5, we
present an alternative formalism by projecting the action into the globally flat Minkowski
spacetime V, which enables us to derive equations of motion for all fields and conservation
laws for all symmetries. The equation of motion for the gauge-type gravifield is in general
connected with a nonconserved current. When turning to a hidden gauge formalism, the
dynamics of the gravifield is found to be characterized by a total energy-momentum tensor.
The conservation of total energy-momentum tensor leads to an interesting relation between
the field strengths and the spacetime gauge field. The symmetric part of the equation of
the gravifield tensor gives a generalized Einstein equation of gravity in the six-dimensional
spacetime. Our conclusions and remarks are given in Section 6.
II. CHIRALITY SPIN & W-PARITY OF MASSLESS DIRAC SPINOR AND EX-
TRA DIMENSIONS WITH MAXIMAL LORENTZ & SPIN SYMMETRY
To show the explicit symmetries of a theory, it is useful to write down a corresponding
action for such a theory. The action to yield the Dirac equation (3) can simply be written
as
S4dD =
∫
d4x
1
2
(
ψ¯(x)γµi∂µψ(x) +H.c.
)−mψ¯(x)ψ(x) (5)
with ψ¯(x) = ψ†(x)γ0 as antispinor field. The action is invariant under the global Poincare´
group P(1,3) = SO(1,3)⋉P 1,3. The global Lorentz group transformation is given by
xµ → x′µ = Lµ ν xν , ψ(x)→ ψ′(x′) = S(L)ψ(x),
Lµ νL
ρ
σηµρ = ηνσ , L
µ
ν ∈ SO(1, 3) (6)
with the group element
S(L) = eiαµνΣ
µν/2 ∈ SP (1, 3), Σµν = i
4
[γµ, γν ]
S(L)γµS−1(L) = Lµ ν γ
ν , (7)
where Σµν are the generators of the spin group SP(1,3) in the spinor representation. From
the isomorphism property of the group, the spin group SP(1,3) is isomorphic to the Lorentz
group SO(1,3), i.e., SP(1,3) ∼= SO(1,3). For the translational group P 1,3, it is invariant
under the parallel translation of coordinates
xµ → x′µ = xµ + aµ (8)
with aµ the constant vector.
It indicates that the external rotational invariance of spacetime coordinates in the vector
representation is coherent to the internal spin invariance of the Dirac field in the spinor
representation. Namely, the external symmetry SO(1,3) of the four-dimensional spacetime
coordinates must coincide with the internal symmetry SP(1,3) of the four-component entity
Dirac field. As a consequence, it results in the conservation of total angular momentum.
Specifically, the internal spin symmetry SP(1,3) incorporates a boost spin symmetry SU∗(2)
and a helicity spin symmetry SU(2), i.e., SP(1,3)∼=SO(1,3)∼=SU∗(2)×SU(2).
The mass of a Dirac spinor is supposed to originate from spontaneous symmetry breaking.
Let us consider a massless Dirac spinor m = 0. As a consequence, the above action generates
two new symmetries.
One is the global conformal scaling symmetry. Namely, the action is invariant under the
global conformal scaling transformation for the coordinates and Dirac field,
xµ → x′µ = λ−1 xµ, ψ(x)→ ψ′(x′) = λ3/2 ψ(x), (9)
with λ the constant scaling factor.
The other is the so-called chiral symmetry. It can be shown that the action is invariant
under the global chiral transformation
ψ(x)→ ψ′(x) = eiα5γ5ψ(x) (10)
with
γ5γµ = −γµγ5, γ5 = iγ0γ1γ2γ3 = − i
4!
ǫµνσργ
µγνγσγρ . (11)
It characterizes an intrinsic property of the Dirac spinor, which may be called a chirality
spin.
Inspired by the derivation of the Dirac equation, it is natural to postulate that such
a chirality spin invariance of massless Dirac spinors in the spinor representation reflects a
rotational invariance of extra spacetime dimensions. It is not difficult to check that once the
Dirac spinor becomes massless m = 0, the action Eq. (5) in four-dimensional spacetime can
be extended to an action in a six-dimensional spacetime,
S6dD =
∫
d6x
1
2
(
ψ¯(xˆ)Γµˆi∂µˆψ(xˆ) +H.c.
)
, µˆ = (µ, 5, 6) , (12)
where ψ(xˆ) remains a four-component entity Dirac spinor but as a field of six-dimensional
spacetime coordinates xˆ = {xµˆ}. We have used the following notations,
xµˆ = (xµ, x5, x6) , Γµˆ = (γµ,Γ5,Γ6) , Γ5 = iγ5 , Γ6 = I4 , (13)
with I4 denoting the 4×4 unit matrix. The equation of motion for such a massless Dirac
spinor reads
Γµˆi∂µˆψ(xˆ) = 0 , η
µˆνˆ∂µˆ∂νˆψ(xˆ) = 0 , (14)
with the constant metric matrix
ηµˆνˆ = ηµˆνˆ = diag .(1,−1,−1,−1,−1,−1) . (15)
The signature of ηµˆνˆ is −4, which indicates that the additional two dimensions are spatial
ones. This can explicitly be checked from the invariance of chiral transformation of the Dirac
spinor. The coordinates of the fifth and sixth dimensions transform correspondingly as a
rotation, i.e.,
ψ(x)→ ψ′(x) = eiαγ5ψ(x) ,
(
x5
x6
)
→
(
x′5
x′6
)
=
(
cosα sinα
− sinα cosα
)(
x5
x6
)
. (16)
It can be shown that the action, Eq. (12), becomes invariant under the Lorentz group
SO(1,5)
xµˆ → x′µˆ = Lµˆ νˆ xνˆ , ψ(xˆ)→ ψ′(xˆ′) = S(L)ψ(xˆ) ,
Lµˆ νˆL
ρˆ
σˆ ηµˆρˆ = ηνˆσˆ , L
µˆ
νˆ ∈ SO(1, 5) , (17)
where S(L) is the spin group element in the spinor representation
S(L) = eiαµˆνˆΣ
µˆνˆ/2 ∈ SP (1, 5), S(L)ΓµˆS−1(L) = Lµˆ νˆ Γνˆ
Σµˆνˆ = (Σµν , Σµ5, Σµ6, Σ56) , Σµν =
i
4
[γµ, γν] ,
Σµ5 = −Σ5µ = −1
2
γµγ5, Σµ6 = −Σ6µ = 1
2
iγµ, Σ56 = −Σ65 = −1
2
γ5 , (18)
where the fifteen 4 × 4 matrices Σµˆνˆ are the generators of spin group SP(1,5) in the spinor
representation. The transformation under the internal spin group SP(1,5) has to coincide
with that under the external Lorentz group SO(1,5) in order to preserve maximal symmetry.
From group isomorphism, SP(1,5)∼=SO(1,5)∼=SU∗(4), the spin group SP(1,5) provides a
maximal unitary symmetry for the four-component entity complex Dirac field. To further
reveal intrinsic properties of the above action, we shall demonstrate how the extra two
dimensions transform under ordinary parity-inversion (P), time-reversal (T ) and charge-
conjugation (C). To make the action invariant and nontrivial under the discrete symmetries
P, T and C in the six-dimensional spacetime, the Dirac spinor as a field of six-dimensional
spacetime coordinates should transform as follows:
Pψ(xˆ)P−1 = Pψ(x0,−xk,−x5, x6) , k = 1, 2, 3 ,
P−1ΓµˆP = Γµˆ†, P = γ0 , (19)
for parity-inversion,
T ψ(xˆ)T −1 = Tψ(−x0, xk,−x6) , k = 1, 2, 3, 5 ,
T−1ΓµˆT = Γµˆ T , T = iγ1γ3 , (20)
for time-reversal, and
Cψ(xˆ)C−1 = Cψ¯T (xµ,−x5,−x6) , µ = 0, 1, 2, 3 ,
C−1ΓµC = −Γµ T , C−1ΓkC = Γk T , k = 5, 6, C = iγ2γ0 , (21)
for charge conjugation. The Dirac field transforms under CPT as
CPT ψ(xˆ)(CPT )−1 = CPTψ¯T (−xµ, x5, x6) , µ = 0, 1, 2, 3 ,
(CPT )−1ΓµCPT = −Γµ †, (CPT )−1ΓkCPT = Γk †, k = 5, 6 , (22)
which shows that the extra two-dimensional coordinates have a different CPT transformation
property from the ordinary four-dimensional spacetime coordinates.
Unlike the ordinary four-dimensional spacetime coordinates, the signs of the extra two-
dimensional coordinates flip under charge-conjugation C. This is because the pseudoscalar
and scalar currents of Dirac spinor are invariant under ordinary charge-conjugation C in
four-dimensional spacetime. If the extra dimensions do not undergo a flip in sign under
charge-conjugation, the action will not be invariant because of the following identities:
Cψ¯(xˆ)iγ5i∂5ψ(xˆ)C−1 = i∂5ψ¯(xˆ) iγ5ψ(xˆ) ,
Cψ¯(xˆ)i∂6ψ(xˆ)C−1 = i∂6ψ¯(xˆ)ψ(xˆ) , (23)
which have opposite signs compared to the terms imposed by the hermiticity of the action.
The same reason applies to the transformation properties of the extra dimensions under P
and T .
To reflect the intrinsic property of the extra two dimensions, let us introduce an intrinsic
W-parity. It is well-known that a massless Dirac spinor can be decomposed into two Weyl
spinors in four-dimensional spacetime,
ψ ≡ ψL + ψR , ψL = 1
2
(1− γ5)ψ , ψR = 1
2
(1 + γ5)ψ . (24)
Here ψL,R are the so-called left-handed and right-handed Weyl spinors with a property
γ5ψL = −ψL , γ5ψR = +ψR . (25)
They are regarded as two independent Weyl spinors for the massless Dirac spinor in four-
dimensional spacetime. However, in the six-dimensional spacetime, the two types of Weyl
spinor are correlated via the spin symmetry SP(1,5). It is not difficult to check that the
action has an intrinsic discrete symmetry under a W-parity operation W,
Wψ(xˆ)W−1 =Wψ(xµ,−xk) , k = 5, 6 ,
W−1ΓµW = −Γµ, W−1ΓkW = Γk, k = 5, 6, W = Γ5 = iγ5 . (26)
Under a combined W-parity and charge-conjugation operation C˜ ≡ WC, we have
C˜ψ(xˆ)C˜−1 = C˜ψ¯T (xˆ) ,
C˜−1ΓµˆC˜ = Γµˆ T , C˜ =WC = −γ5γ2γ0 , (27)
which shows that only under the combined operation C˜ are all six-dimensional coordinates
unchanged. Such a combined operator C˜ has the following feature:
(
ψc˜(xˆ)
)c˜
= C˜ψc˜(xˆ)C˜−1 = −ψ(xˆ) , (28)
which indicates that the W-parity charge-conjugation characterizes a discrete Z4 property.
It is useful to introduce a joint operator Θ ≡ WCPT = C˜PT . Under Θ operation, we
have
Θψ(xˆ)Θ−1 = Θψ¯T (−xˆ) ,
Θ−1ΓµˆΘ = Γµˆ †, Θ =WCPT = C˜PT = γ0 , (29)
which demonstrates that the joint operation Θ becomes more essential than the ordinary
joint operation CPT for the massless Dirac spinor as a field of six-dimensional spacetime
coordinates.
III. MASSLESS DIRAC SPINOR AS MAJORANA- OR WEYL-TYPE SPINOR
IN 6D SPACETIME AND CHARGE SPIN GAUGE SYMMETRY
A. Massless Dirac spinor as Majorana-type spinor in 6D spacetime
In terms of the Dirac field ψc˜(xˆ) defined via the combined W-parity charge-conjugation
C˜, i.e.,
ψc˜(xˆ) ≡ C˜ψ(xˆ)C˜−1 = C˜ψ¯T (xˆ) , (30)
the action for the massless Dirac spinor in the six-dimensional spacetime can be rewritten
as follows
S6dM =
∫
d6x
1
2
(
ψ¯(xˆ)Γµˆi∂µˆψ(xˆ) + ψ¯
c˜(xˆ)Γµˆi∂µˆψ
c˜(xˆ)
) ≡
∫
d6x
1
2
Ψ¯(xˆ)Γµˆi∂µˆΨ(xˆ) . (31)
Here, Ψ(xˆ) is an eight-component entity spinor field defined as
Ψ(xˆ) ≡
(
ψ(xˆ)
ψc˜(xˆ)
)
, (32)
which is a Majorana-type spinor in the six-dimensional spacetime,
Ψcˆ(xˆ) = CˆΨ(xˆ)Cˆ−1 = CˆΨ¯T (xˆ) = Ψ(xˆ) , (33)
with Cˆ given explicitly by
Cˆ = −iσ2 ⊗ C˜ . (34)
Here σ2 is the antisymmetry Pauli matrix. The 8 × 8 matrix Cˆ valued in the spinor repre-
sentation defines a new charge-conjugation in the six-dimensional spacetime.
It is seen that the W-parity charge-conjugated Dirac field ψc˜(xˆ) enables us to express the
complex four-component entity Dirac field ψ(xˆ) as an eight-component entity Majorana-type
spinor field Ψ(xˆ) and obtain a self hermitian action. Considering ψ(xˆ) and ψc˜(xˆ) as a charge
spin doublet, we can show that the action given in Eq. (31) possesses an internal charge spin
symmetry SU(2) that characterizes the coherence between ψ(xˆ) and ψc˜(xˆ). Namely, the
action is invariant under the symmetry group SU(2) transformation
Ψ(xˆ)→ Ψ′(xˆ) = eαiτi/2Ψ(xˆ) , (i = 1, 2, 3) (35)
with τi/2 the generators of SU(2).
B. Charge spin gauge symmetry and doubly electron-charged bosons
By gauging the charge spin symmetry SU(2) and introducing the corresponding gauge
field Aµ(xˆ) ≡ gcAiµ(xˆ)τi/2, we obtain an action with the internal charge spin gauge symmetry
SU(2) for the massless Dirac spinor. The action is explicitly given as follows
S6dM =
∫
d6x { 1
2
ϕ2(xˆ) Ψ¯(xˆ)ΓµˆiDµˆΨ(xˆ)− 1
2g2c
ϕ2(xˆ) TrFµˆνˆ(xˆ)F
µˆνˆ(xˆ)
+
1
2
ϕ2∂µˆϕ(xˆ)∂
µˆϕ(xˆ)− λs1
6
ϕ6(xˆ) } , (36)
with gc and λs the coupling constants. Dµˆ and Fµˆνˆ(xˆ) are the covariant derivative and field
strength, respectively, in the six-dimensional spacetime:
iDµˆ = i∂µˆ + Aµˆ(xˆ) ,
Fµˆνˆ(xˆ) = i[DµˆDνˆ ] = ∂µˆAνˆ(xˆ)− ∂νˆAµˆ(xˆ)− i[Aµˆ(xˆ) Aνˆ(xˆ)] . (37)
When such a Dirac spinor is regarded as a massless charged particle, the third compo-
nent gauge field A3µτ3/2 that is associated with the symmetry of subgroup U(1)∈SU(2) will
characterize an electromagnetic interaction. The gauge bosons in the coset SU(2)/U(1) are
doubly electrically charged bosons.
A singlet scalar field ϕ(xˆ) is introduced to preserve the global conformal scaling symmetry
of the action under the transformations
xµˆ → x′µˆ = λ−1 xµˆ , Ψ(xˆ)→ Ψ′(xˆ′) = λ3/2Ψ(xˆ) ,
Aµˆ → A′µˆ(xˆ′) = λAµˆ(xˆ) , ϕ(xˆ)→ ϕ′(xˆ′) = λϕ(xˆ) . (38)
From the above action, Eq. (36), we arrive at an equation of motion
ΓµˆiDµˆΨ(xˆ) = 0 , (39)
for the massless Dirac spinor in the six-dimensional spacetime. In terms of the quadratic
form of the covariant derivation, we have
ηµˆνˆDµˆDνˆΨ(xˆ) = Σ
µˆνˆFµˆνˆΨ(xˆ) , η
µˆνˆ = diag(1,−1,−1,−1,−1,−1) . (40)
For a comparison with the four-dimensional theory, it is useful to rewrite the above equation
as follows:
DµD
µΨ(xˆ)− 1
2
σµνFµνΨ(xˆ) = −
(
γµγ5Fµ5 − iγµFµ6 + γ5F56
)
Ψ(xˆ)−DαDαΨ(xˆ) , (41)
where the right-hand side shows the effect arising from extra dimensions. We have used the
following definitions
Dµ = ∂µ − igcAiµ
1
2
τi , Dα = ∂α − igcAiα
1
2
τi α = 5, 6
Fµα = DµAα −DαAµ , α = 5, 6 , F56 = D5A6 −D6A5 . (42)
The equation of motion for the scalar field reads
∂µˆ∂
µˆϕ2(xˆ)− 2λsϕ4(xˆ) = −F iµˆνˆF µˆνˆ i + 2Ψ¯(xˆ)ΓµˆiDµˆΨ(xˆ) . (43)
For the gauge field, we obtain the following equation of motion
DνˆF
µˆνˆ i(xˆ) + F µˆνˆ i(xˆ)∂νˆ lnϕ
2(xˆ) =
1
2
gcΨ¯(xˆ)Γ
µˆ1
2
τ iΨ(xˆ) . (44)
So far we have shown that a complex four-component entity massless Dirac spinor in four
dimensional spacetime can be realized as an eight-component entity massless Majorana-type
spinor in six-dimensional spacetime. The action is explicitly constructed to have the internal
charge spin gauge symmetry SU(2) and the maximal global internal spin symmetry SP(1,5)
that transforms coherently with the maximal global external Lorentz symmetry SO(1,5).
In general, the complex Dirac field can be decomposed into real- and imaginary-type
spinor fields
ψ(xˆ) = ψc+(xˆ) + ψc−(xˆ) ,
ψc±(xˆ) ≡ 1√
2
(ψ(xˆ)± ψc(xˆ)) , ψc(xˆ) ≡ Cψ¯T (xˆ) = Cγ0ψ∗(xˆ) (45)
which satisfy the conditions
Cψ¯Tc+(xˆ) = ψc+(xˆ) , Cψ¯
T
c−(xˆ) = −ψc−(xˆ) . (46)
The Majorana-type field in the 6D spacetime can be rewritten as
Ψ(xˆ) ≡
(
ψ(xˆ)
ψc˜(xˆ)
)
=
1√
2
(
1 1
iγ5 iγ5
)
Ψ1(xˆ) , Ψ1(xˆ) ≡
(
ψc+(xˆ)
ψc−(xˆ)
)
. (47)
The charge conjugation for Ψ1(xˆ) is defined as
Ψcˆ1(xˆ) = CˆΨ1(xˆ)Cˆ−1 = CˆΨ¯T (xˆ) = Ψ1(xˆ) , Cˆ = σ3 × C (48)
In terms of Ψ1(xˆ), the action for the spinor field can be expressed as
S6dF =
∫
d6x
1
2
ϕ2(xˆ) Ψ¯1(xˆ)Γ
µˆiD˜µˆΨ1(xˆ) , (49)
with
Γµˆ = (γµ,Γ5,Γ6) , Γ5 = iσ1 × γ5 , Γ6 = σ1 × I4 ,
iD˜µˆ = i∂µˆ + A
i
µˆτi/2 , τ1 = σ1 × I4 , τi = σi × γ5 (i = 2, 3). (50)
In other alternative representations, we have
S6dF =
∫
d6x
1
2
ϕ2(xˆ) Ψ¯2(xˆ)Γ
µˆiD˜µˆΨ2(xˆ) , Ψ2(xˆ) ≡
(
ψc+(xˆ)
iψc−(xˆ)
)
(51)
with
Γµˆ = (γµ,Γ5,Γ6) , Γ5 = iσ2 × γ5 , Γ6 = σ2 × I4 , Cˆ = I2 × C ,
iD˜µˆ = i∂µˆ + A
i
µˆτi/2 , τ2 = σ2 × I4 , τi = σi × γ5 (i = 1, 3). (52)
and
S6dF =
∫
d6x
1
2
ϕ2(xˆ) Ψ¯3(xˆ)Γ
µˆiD˜µˆΨ3(xˆ) , Ψ3(xˆ) ≡
(
ψ(xˆ)
ψc(xˆ)
)
(53)
with
Γµˆ = (γµ,Γ5,Γ6) , Γ5 = iσ3 × γ5 , Γ6 = σ3 × I4 , Cˆ = σ1 × C ,
iD˜µˆ = i∂µˆ + A
i
µˆτi/2 , τ3 = σ3 × I4 , τi = σi × γ5 (i = 1, 2). (54)
Different spinor structures reflect relevant properties of extra dimensions and representa-
tions of internal symmetry.
C. Majorana-Weyl property of massless Dirac spinor
To reflect explicitly the properties of chirality spin and W-parity, it is useful to show that
a complex four-component entity massless Dirac spinor in four dimensional spacetime can
be realized as an eight-component entity massless Weyl spinor in six-dimensional spacetime
as follows
S6dW =
∫
d6x
1
2
(
ψ¯−(xˆ)Γ
µˆi∂µˆψ−(xˆ) +H.c.
)
, (55)
with
Γµˆ = (γµ,Γ5,Γ6) , Γ5 = iσ1 ⊗ γ5 , Γ6 = iσ2 ⊗ γ5 . (56)
ψ−(xˆ) is an eight-component entity massless Weyl-type spinor defined as
ψ−(xˆ) ≡
(
ψL(xˆ)
ψR(xˆ)
)
, γ7 ψ−(xˆ) = −ψ−(xˆ) , γ7 = σ3 ⊗ γ5 (57)
with ψL(xˆ) and ψR(xˆ) the left-handed and right-handed Weyl spinors defined in Eq. (24).
It is clear that the action Eq. (55) is invariant under the Lorentz symmetry group SO(1,5)
and spin symmetry group SP(1,5)∼=SO(1,5) with generators and constant metric matrix
Σµˆνˆ =
i
4
[Γµˆ,Γνˆ] ,
ηµˆνˆ =
1
2
{Γµˆ,Γνˆ} , ηµˆνˆ = diag .(1,−1,−1,−1,−1,−1) . (58)
It is easy to show that both fifth and sixth dimensions are spatial under operations P and
T . We can define the charge conjugation for such a Weyl-type spinor in the six-dimensional
spacetime. Explicitly, the charge-conjugated Weyl spinor ψc−(xˆ) is defined as
ψc¯−(xˆ) ≡ C6ψ−(xˆ)C−16 = C6ψ¯T−(xˆ) =
(−iψ cR(xˆ)
iψ cL(xˆ)
)
, (59)
with the property for the charge-conjugation operator
C6Γ
µˆC−16 = −Γµˆ T , C6 = σ2 ⊗ C , C = iγ2γ0 ,(
ψc¯−(xˆ)
)c¯ ≡ C6ψc¯−(xˆ)C−16 = −ψ−(xˆ) . (60)
The action Eq. (55) can be rewritten as follows:
S6dW =
∫
d6x
1
2
(
ψ¯−(xˆ)Γ
µˆi∂µˆψ−(xˆ) + ψ¯
c¯
−(xˆ)Γ
µˆi∂µˆψ
c¯
−(xˆ)
)
≡
∫
d6x
1
2
Ψ¯−(xˆ)Γ
µˆi∂µˆΨ− , (61)
where we have taken ψ−(xˆ) and ψ
c
−(xˆ) as a charge spin doublet to define the following
sixteen-component entity spinor field
Ψ−(xˆ) ≡
(
ψ−(xˆ)
ψc¯−(xˆ)
)
. (62)
We can check that the action Eq. (61) is equivalent to the action Eq. (31) by noticing the
following identity
ψc¯−(xˆ) =
(
ψ c˜R(xˆ)
ψ c˜L(xˆ)
)
. (63)
It is not difficult to show that Ψ−(xˆ) satisfies a Majorana-type condition
Ψc−(xˆ) = C8Ψ−(xˆ)C−18 = Ψ−(xˆ) ,
C8 = σ2 ⊗ C6 = σ2 ⊗ σ2 ⊗ C . (64)
The action Eq. (61) possesses the charge spin symmetry SU(2) between Weyl-type spinor
ψ−(xˆ) and its charge-conjugation ψ
c¯
−(xˆ). Again taking SU(2) as a gauge symmetry, we can
obtain, analogous to the action Eq. (36), the following gauge invariant action
S6dMW =
∫
d6x {1
2
ϕ2(xˆ)Ψ¯−(xˆ)Γ
µˆiDµˆΨ−(xˆ)
− 1
4
ϕ2(xˆ)F iµˆνˆ(xˆ)F
µˆνˆ i(xˆ) +
1
2
ϕ2(xˆ)∂µˆϕ(xˆ)∂
µˆϕ(xˆ)− 1
6
λsϕ
6(xˆ)} . (65)
Here Ψ−(xˆ) is regarded as a Majorana-Weyl-type spinor in the spinor representation of eight
dimensions.
The extra dimensions correlate with the chirality spin of the Dirac spinor. In general,
a massless Dirac spinor is characterized by the intrinsic quantum numbers of boost spin,
helicity spin, chirality spin and charge spin.
IV. GRAVIFIELD FIBER BUNDLE STRUCTURE OF SPACETIME AND GRAV-
ITATIONAL GAUGE FIELD THEORY IN 6D SPACETIME
The above action for the massless Dirac spinor with maximal symmetry is built based
on a globally flat Minkowski spacetime , which is an affine spacetime denoted as MA for
a convenience. It possesses in general a Poincare´ or non-homogeneous Lorentz symmetry
P(1,5) = SO(1,5)⋉P 1,5. Both internal spin symmetry SP(1,5) of the massless Dirac spinor
and external Lorentz symmetry SO(1,5) of the coordinates are global symmetries. They have
to coherently incorporate each other to preserve the Lorentz invariance of the action in the
six-dimensional spacetime. In this section, we shall propose that the spinor spin symmetry
SP(1,5), analogous to other internal symmetries of spinors, is gauged as a local symmetry,
and the external Lorentz symmetry SO(1,5) remains a global symmetry. Thus the spinor
spin symmetry SP(1,5) as an internal symmetry is distinguished from the external Lorentz
symmetry SO(1,5). To build an action with both the local spin gauge symmetry SP(1,5)
and the global Lorentz symmetry SO(1,5), we shall apply the postulate proposed in Ref. [1]
to construct an action within the framework of gravitational quantum field theory.
A. Gravifield fiber bundle structure of spacetime
As demonstrated in Ref. [1], it is essential to introduce a bicovariant vector field and a spin
gauge field to preserve both the local spin gauge symmetry SP(1,5) and the global Lorentz
symmetry SO(1,5). Explicitly, the kinematic term for the Dirac spinor field is extended to
be
Γµˆi∂µˆ → Γaˆχˆ µˆaˆ (xˆ)
(
i∂µˆ + gsA bˆcˆµˆ (xˆ)
1
2
Σbˆcˆ
)
, (66)
with χˆ µˆaˆ (xˆ) the bicovariant vector field, and
Aµˆ(xˆ) = gsA bˆcˆµˆ (xˆ)
1
2
Σbˆcˆ , (67)
the spin gauge field. Here the Greek alphabet (µˆ, µˆ = 0, 1, 2, 3, 5, 6) and the Latin alphabet
(aˆ, bˆ,= 0, 1, 2, 3, 5, 6) are adopted to distinguish the vector indices defined in the vector
representations of Lorentz group SO(1,5) and spin group SP(1,5), respectively.
The derivative vector operator ∂µˆ ≡ ∂/∂xµˆ at the point xˆ of MA defines a tangent basis
{∂µˆ} ≡ {∂/∂xµˆ} for the tangent Minkowski spacetime TM over the globally flat Minkowski
spacetime MA. Accordingly, we introduce a field vector χˆaˆ(xˆ) at point xˆ of MA respective
to the derivative vector operator ∂µˆ. Such a field vector χˆaˆ(xˆ) is explicitly defined via the
bi-covariant vector field χˆ µˆaˆ (xˆ) as follows:
χˆaˆ(xˆ) ≡ χˆ µˆaˆ (xˆ)∂µˆ , (68)
which forms a field basis {χˆaˆ(xˆ)} for the locally flat non-coordinate spacetime over the
globally flat Minkowski spacetime MA. We shall call such a locally flat noncoordinate
spacetime a gravifield spacetime denoted as GM . Here χˆ
µˆ
aˆ (xˆ) is the so-called gravifield and
{χˆaˆ(xˆ)} provides a gravifield basis.
The displacement vector dxµ at point xˆ of MA defines a dual tangent basis {dxµˆ} for a
dual tangent Minkowski spacetime T ∗M over the globally flat Minkowski spacetime MA. The
tangent basis and dual tangent basis satisfy the dual condition
< dxµˆ, ∂/∂xνˆ >=
∂xµˆ
∂xνˆ
= η µˆνˆ . (69)
Analogously, we shall introduce a dual vector χ aˆ(xˆ) at point xˆ of MA respective to the
displacement vector dxµ. For that, let us first define a dual bicovariant vector field χ aˆµˆ (xˆ)
via the following orthonormal conditions
χ aˆµˆ (xˆ) χˆ
µˆ
bˆ
(xˆ) = χ aˆµˆ (xˆ)χˆbˆ νˆ(xˆ)η
µˆνˆ = η aˆ
bˆ
, χ aˆµˆ (xˆ)χˆ
νˆ
aˆ (xˆ) = χµˆ aˆ(xˆ)χˆ
νˆ
bˆ
(xˆ)ηaˆbˆ = η νˆµˆ , (70)
which can be regarded as the inverse of the gravifield χˆ µˆaˆ (xˆ). Thus the dual bicovariant
vector χ aˆµˆ (xˆ) is dual to the gravifield, which exists once the determinant of χˆ
µˆ
aˆ (xˆ) is nonzero,
det χˆ µˆaˆ (xˆ) 6= 0.
The dual vector χ aˆ(xˆ) is defined via the gauge-type gravifield χ aˆµˆ (xˆ) associated with the
displacement vector dxµ
χ aˆ(xˆ) = χ aˆµˆ (xˆ)dx
µˆ (71)
which satisfies the dual condition
< χ aˆ, χˆbˆ >= χ
aˆ
µˆ (xˆ)χˆ
νˆ
bˆ
(xˆ) < dxµˆ, ∂νˆ >= χ
aˆ
µˆ (xˆ)χˆ
νˆ
bˆ
(xˆ)η µˆνˆ = η
aˆ
bˆ
. (72)
The dual gravifield basis {χ aˆ} forms a dual gravifield spacetime G∗M over the globally flat
Minkowski space-time MA.
The gravifield χˆ µˆaˆ (xˆ) defined on the gravifield spacetime GM and valued on the tangent
Minkowski spacetime TM transforms as a bicovariant vector field under both the local spin
gauge transformation SP(1,5) and global Lorentz transformation SO(1,5). Such a gravifield
basis does not commute and satisfies the following non-commutation relation
[χˆaˆ, χˆbˆ] = f
cˆ
aˆbˆ
χˆcˆ, f
cˆ
aˆbˆ
≡ −1
2
(
χˆ µˆaˆ χˆ
νˆ
bˆ
− χˆ µˆ
bˆ
χˆ νˆaˆ
)
χ cˆµˆνˆ ,
χ cˆµˆνˆ = ∂µˆχ
cˆ
νˆ − ∂νˆχ cˆµˆ , (73)
which shows that the locally flat gravifield spacetime GM is associated with a non-
commutative geometry. Such a non-commutative geometry is characterized by a gravi-
tational field strength χ aˆµˆνˆ defined from the gauge-type gravifield χ
aˆ
µˆ (xˆ). We write such a
gauge-type gravifield as follows
̥µˆ(xˆ) = χ
aˆ
µˆ (xˆ)
1
2
Γaˆ, (74)
which is defined in the dual tangent Minkowski spacetime T ∗M and valued on the dual grav-
ifield spacetime G∗M .
Geometrically, we arrive at a biframe spacetime TM ×GM associated with its dual space-
time T ∗M × G∗M over the spacetime MA. Based on the nature of globally and locally flat
vector spacetimes, it allows for the canonical identification of vectors in tangent Minkowski
spacetime TM at points with vectors (points) in Minkowski spacetime itself MA, and also
for the canonical identification of vectors at a point with its dual vectors at the same point.
Physically, the globally flat Minkowski spacetime is deemed a vacuum spacetimeV. Thus
the canonical identification of vector spacetimes enables us to simplify the spacetime struc-
ture as
TM ∼= T ∗M ∼= MA ≡ V ,
GM ∼= G∗M ≡ G . (75)
Therefore, the total spacetime is viewed as a gravifield fiber bundle E with the gravifield
spacetime G as the fiber and the vacuum spacetime V as the base spacetime. The corre-
lation between the total spacetime E and the product spacetime V ×G is defined using
a continuous surjective map πχ which projects the bundle E to the base spacetime V,
i.e., πχ: E→ V. Formally, we express the gravifield fiber bundle structure of spacetime as
(E,V, πχ,G) with the trivial case
E ∼ V ×G . (76)
B. Gravitational gauge field theory for massless Dirac spinor in 6D spacetime
With the above analysis, we are in a position to build a gravitational gauge field theory
for a massless Dirac spinor based on the framework of gravitational quantum field theory
proposed in Ref. [1]. Our main postulates are that: (i) the maximal internal symmetry of the
gravifield spacetime G and the Dirac spinor field is a gauge symmetry that characterizes the
basic interaction and dynamics of all fields, and the maximal external symmetry of vacuum
spacetime V is a global symmetry that describes the inertial motion and kinematics of all
fields; and (ii) the action is built based on the principles of gauge-invariance and coordinate-
independence.
In terms of the gravifield basis {χaˆ} and {χˆaˆ}, it enables us to define a non-coordinate
exterior differential operator in the gravifield spacetime
dχ = χ
aˆ ∧ χˆaˆ . (77)
Thus all gauge fields and field strengths can be expressed as the one-form and two-form grav-
ifield spacetime G by using the gravifield basis vector χaˆ and exterior differential operator.
Explicitly, we have
A = −iAaˆ χaˆ , F = dχA+A ∧A = 1
2i
Faˆbˆ χaˆ ∧ χbˆ ,
̥ = −i̥aˆ χaˆ , G = dχ̥+A ∧̥+W ∧̥ = 1
2i
Gaˆbˆ χaˆ ∧ χbˆ ,
A = −iAaˆ χaˆ , F = dχA + A ∧ A = 1
2i
Faˆbˆ χ
aˆ ∧ χbˆ ,
W = −iWaˆ χaˆ , W = dχW = 1
2i
Waˆbˆ χaˆ ∧ χbˆ , (78)
where the gauge fields and field strengths are all sided on the locally flat gravifield spacetime
G. They are projected through the gravifield χˆ µˆaˆ to become the corresponding gauge fields
and field strengths defined in the globally flat vacuum spacetime V, i.e.,
Aaˆ = χˆ
µˆ
aˆ (xˆ)Aµˆ(xˆ) , Faˆbˆ = χˆ
µˆ
aˆ (xˆ) χˆ
νˆ
bˆ
(xˆ)Fµˆνˆ(xˆ) , (79)
with A = (A, ̥, A, W) and F = (F , G, F, W). The field strength of the gauge-type
gravifield Gµˆ(xˆ) has the following explicit form
Gµˆνˆ(xˆ) = ∇µˆ̥νˆ −∇νˆ̥µˆ = [∇µˆχ aˆνˆ (xˆ)−∇νˆχ aˆµˆ (xˆ) ]
1
2
Γaˆ ≡ G aˆµˆνˆ(xˆ)
1
2
Γaˆ ,
G aˆµˆνˆ(xˆ) = (∂µˆ + gwWµˆ)χ aˆνˆ + gsA aˆµˆ bˆχ bˆνˆ − (∂νˆ + gwWνˆ)χ aˆµˆ − gsA aˆνˆ bˆχ bˆµˆ , (80)
with the covariant derivative defined as
i∇µˆ = i∂µˆ +Aµˆ +Wµˆ = i▽µˆ +Wµˆ , i▽µˆ = i∂µˆ +Aµˆ . (81)
Here the gauge field Wµˆ = gwWµˆ with gauge coupling constant gw is introduced to extend
the global conformal scaling symmetry of the massless Dirac spinor to a local conformal
scaling gauge symmetry, while allowing the coordinates of Minkowski spacetime to remain,
keeping the global conformal scaling symmetry. Namely, the Dirac spinor field, scalar field
and gravifield transform under the local conformal scaling gauge transformation as follows:
Ψ(xˆ)→ Ψ′(xˆ) = ξ3/2(xˆ)Ψ(xˆ) , ϕ(xˆ)→ ϕ′(xˆ) = ξ(xˆ)ϕ(xˆ) ,
χˆ µˆaˆ (xˆ)→ χˆ
′ µˆ
aˆ (xˆ) = ξ(xˆ)χˆ
µˆ
aˆ (xˆ) , χ
aˆ
µˆ (xˆ)→ χ
′ aˆ
µˆ (xˆ) = ξ
−1(xˆ)χ aˆµˆ (xˆ) , (82)
and the conformal scaling gauge field transforms as an Abelian gauge field,
Wµˆ(xˆ)→W′µˆ(xˆ) =Wµˆ(xˆ) + ∂µˆ ln ξ(xˆ) . (83)
Thus the invariant field strength is given by
Wµˆνˆ = ∂µˆWνˆ − ∂νˆWµˆ , (84)
which governs a basic force of conformal scaling gauge interaction. Such a conformal scaling
gauge field was first proposed by Weyl [17] for the purpose of the electromagnetic field,
which is known to result from an U(1) gauge symmetry.
It is useful to express the covariant derivative as one-form in the gravifield spacetime G
D ≡ χaˆDaˆ = χaˆ (χˆaˆ − iAaˆ − iAaˆ) , Daˆ = χˆ µˆaˆ Dµˆ = χˆ µˆaˆ ( ∂µˆ − iAµˆ − iAµ ) . (85)
The Hodge star “ ∗ ” in the six-dimensional gravifield spacetime G is defined as
∗F = 1
2!4!2i
ǫaˆbˆcˆdˆeˆfˆ η
aˆaˆ′ηbˆbˆ
′
Faˆ′ bˆ′ χ
cˆ ∧ χdˆ ∧ χeˆ ∧ χfˆ . (86)
With the exterior differential operator dχ and the gravifield basis vectors χ
aˆ and χˆaˆ, it
enables us to build a gauge-invariant and coordinate-independent action in the gravifield
spacetime G. The general form of the action is found to be
S6dχ =
∫
{ 1
2
ϕ2 [ iΨ¯−̥ ∧ ∗DΨ− − 1
g2c
Tr F ∧ ∗F − 1
2g2w
W ∧ ∗W − 2
3g2s
TrF ∧ ∗F ]
+
1
12
ϕ4 [αW Tr G ∧ ∗G − 2αE TrF ∧ ∗(̥ ∧̥) ]
− 1
2
ϕ2dϕ ∧ ∗dϕ+ 1
12
λsϕ
6 Tr (̥ ∧̥) ∧ ∗(̥ ∧̥) } , (87)
with αE and αW the constant parameters. The following definitions and relations have been
used
̥ ≡ η bˆaˆ
1
2
Γbˆ χ
aˆ , ∗χaˆ = 1
5!
ǫaˆ
bˆcˆdˆeˆfˆ
χbˆ ∧ χcˆ ∧ χdˆ ∧ χeˆ ∧ χfˆ ,
(̥ ∧̥) ≡ η aˆ′aˆ η bˆ
′
bˆ
1
2i
Σaˆ′ bˆ′ χ
aˆ ∧ χbˆ , ∗(̥ ∧̥) = 1
2!4!
η aˆ
′
aˆ η
bˆ′
bˆ
1
2i
Σaˆ′ bˆ′ ǫ
aˆbˆ
cˆdˆeˆfˆ
χcˆ ∧ χdˆ ∧ χeˆ ∧ χfˆ ,
dϕ ≡ (dχ − iW)ϕ , ∗dϕ = 1
5!
(χˆaˆ −Waˆ)ϕ ǫaˆbˆcˆdˆeˆfˆ χbˆ ∧ χcˆ ∧ χdˆ ∧ χeˆ ∧ χfˆ , (88)
with ǫaˆbˆcˆdˆeˆfˆ ( ǫ012356 = 1, ǫaˆbˆcˆdˆeˆfˆ = −ǫaˆbˆcˆdˆeˆfˆ ) the totally antisymmetric Levi-Civita tensor
which has the following general properties
ǫa1...anǫ
b1...bn = −n! ηb1[a1 ...ηbnan] , ǫa1...anǫa1...an = −n! ,
ǫa1...akak+1...anǫ
a1...akbk+1...bn = −k!(n− k)! ηbk+1[ak+1 ...η
bn
an]
,
detM =
1
n!
ǫa1···anǫb1···bnMa1b1 · · ·Manbn , (89)
with M an n× n matrix M = (Mab).
The action given in Eq. (87) provides a gravitational gauge field theory for the massless
Dirac spinor with the maximal gauge symmetry group
GS = SU
∗(4)× SU(2)× SG(1) . (90)
Here SG(1) denotes the conformal scaling gauge symmetry. The Dirac spinor field and gauge
field belong to the spinor representation and vector representation of the spin gauge group
SP(1,5)∼= SU∗(4), respectively, in the six-dimensional gravifield spacetime G.
V. DYNAMICS OF FIELDS AND SPACETIME IN GRAVITATIONAL GAUGE
FIELD THEORY
The action Eq. (87) is obtained following the principle of gauge-invariance and coordinate-
independence in the locally flat gravifield spacetime G, which is distinguished from the
general theory of relativity which was built based on the principle of general covariance of
coordinate with a local symmetry group GL(D, R) in a curved Riemannian spacetime.
To see explicitly the difference between the gravitational gauge field theory and the
general theory of relativity, it is useful to take a formalism by projecting the action Eq. (87)
from the locally flat gravifield spacetime G to the gravifield fiber bundle with the globally
flat vacuum spacetime V as a base spacetime. It can be realized by simply changing the
gravifield basis {χaˆ} and {χˆaˆ} into the corresponding coordinate basis {dxµˆ} and {∂µˆ}. The
explicit formalism is found to be
S6dχ =
∫
d6x χ {χˆµˆνˆΨ¯−̥µˆiDνˆΨ− − 1
4
φ χˆµˆµˆ
′
χˆνˆνˆ
′
[F iµˆνˆF
i
µˆ′νˆ′ +WµˆνˆWµˆ′νˆ′ + F aˆbˆµˆνˆFµˆ′νˆ′aˆbˆ ]
+
1
4
φ2 χˆµˆµˆ
′
χˆνˆ νˆ
′ G aˆµˆνˆGµˆ′νˆ′aˆ − φ2αEgsχˆ µˆaˆ χˆ νˆbˆ F aˆbˆµˆνˆ +
1
2
χˆµˆνˆdµˆφdνˆφ− λsφ3}, (91)
with the definitions
Ψ¯− = Ψ
T
−C8 , χˆ
µˆνˆ(xˆ) = χˆ µˆaˆ (xˆ)χˆ
νˆ
bˆ
(xˆ)ηaˆbˆ ,
φ ≡ ϕ2/2 , dµˆφ = (∂µ − 2gwWµ)φ , (92)
where the symmetric tensor field χˆµν(x) couples to all fields. We have also made a redefinition
by rescaling the Majorana-Weyl type spinor field Ψ−(xˆ) Eqs.(62)-(64) to be
Ψ−(xˆ)→ Ψ−(xˆ)/ϕ(xˆ) = Ψ−(xˆ)/
√
2φ(xˆ) . (93)
A. Generalized equations of motion in a gravitational relativistic quantum theory
From the above action, we are able to extend the Dirac equation in four-dimensional
relativistic quantum theory to a generalized equation in the six-dimensional gravitational
relativistic quantum theory. Explicitly, a generalized equation of motion for the massless
Dirac spinor with maximal symmetry is simply given by
Γaˆχˆ µˆaˆ i(Dµˆ + Vµˆ)Ψ− = 0 , (94)
with the spin gauge-invariant vector field defined as
Vµˆ(xˆ) ≡ 1
2
χˆχ bˆµˆ ▽ρˆ (χχˆ ρˆbˆ ) =
1
2
(∂µˆ lnχ + gwWµˆ)− 1
2
χˆ ρˆ
bˆ
∇ρˆχ bˆµˆ , (95)
which preserves the conformal scaling gauge invariance of the equation of motion.
Its quadratic form is found to be
χˆµˆνˆ(∇µˆ + Vµˆ)(Dνˆ + Vνˆ)Ψ−
= Σaˆbˆχˆ µˆaˆ χˆ
νˆ
bˆ
[Fµˆνˆ + Fµˆνˆ + iVµˆνˆ − G cˆµˆνˆχˆ ρˆcˆ i(Dρˆ + Vρˆ) ]Ψ− , (96)
where we have introduced the definitions
(∇µˆ + Vµˆ)(Dνˆ + Vνˆ) ≡ (Dµˆ + Vµˆ)(Dνˆ + Vνˆ) + Γρˆ(µˆνˆ)(Dρˆ + Vρˆ) ,
G aˆµˆνˆ = ∇µˆχ aˆνˆ −∇νˆχ aˆµˆ , ∇µˆχ aˆνˆ = (∂µˆ + gwWµˆ)χ aˆνˆ + gsAaˆµˆ bˆχ bˆνˆ ,
Vµˆνˆ = ∂µˆVνˆ − ∂νˆVµˆ = 1
2
Wµˆνˆ − 1
2
Vµˆνˆ , Vµˆνˆ ≡ ∂µˆΓρˆρˆνˆ − ∂νˆΓρˆρˆµˆ , (97)
with
Γρˆ(µˆνˆ) ≡
1
2
(Γρˆµˆνˆ + Γ
ρˆ
νˆµˆ) , Γ
ρˆ
µˆνˆ ≡ χˆ ρˆaˆ ∇µˆχ aˆνˆ . (98)
Here the tensor field Γρˆµˆνˆ(xˆ) defines a kind of spacetime gauge field with a hidden gauge sym-
metry. The gauge-type gravifield behaves as a Goldstone-like boson field which transmutes
the local spin gauge symmetry SP(1,5) to the global Lorentz symmetry SO(1,5).
The motion of the Dirac spinor is governed by various field strengths F aˆbˆµˆνˆ , F iµˆνˆ , G aˆµˆνˆ and
Vµˆνˆ . Here Vµˆνˆ appears as a special field strength and its effect is distinguished from other
field strengths due to an imaginary factor.
The equations of motion for the spin and scaling gauge fields as well as the charge spin
gauge field are found to be
▽νˆ(φχχˆµˆµˆ′χˆνˆνˆ′F aˆbˆµˆ′νˆ′) = J µˆ aˆbˆ ,
∂νˆ(φχχˆ
µˆµˆ′χˆνˆνˆ
′Wµˆ′νˆ′) = J µˆ ,
Dνˆ(φχχˆ
µˆµˆ′χˆνˆνˆ
′
F iµˆ′νˆ′) = J
µˆ i , (99)
with the currents given by
J µˆ aˆbˆ =
1
2
gsχΨ¯−χˆ
µˆ
cˆ {Γcˆ
1
2
Σaˆbˆ}Ψ− + 1
2
gsχΨ¯−χˆ
µˆ
cˆ {Γcˆ
1
2
Σaˆbˆ}Ψ−
−αEgs▽νˆ (χχˆµˆµˆ′χˆνˆνˆ′φ2χ[aˆbˆ]µˆ′νˆ′) +
1
2
αWχφ
2χˆµˆµˆ
′
χˆνˆνˆ
′
χ
[aˆ
νˆ G bˆ]µˆ′νˆ′ ,
J µˆ = −2gwχχˆµˆνˆφdνˆφ− gwαWφ2χχˆµˆµˆ′χˆνˆ νˆ′χ aˆνˆ Gµˆ′νˆ′aˆ ,
J µˆ i = gcχΨ¯−Γ
aˆχˆ µˆaˆ
1
2
τ iΨ− , (100)
where we have used the following notations
χ
[aˆbˆ]
µˆ′νˆ′ = χ
aˆ
µˆ′ χ
bˆ
νˆ′ − χ bˆµˆ′χ aˆνˆ′ ; χ [aˆνˆ G bˆ]µˆ′νˆ′ = χ aˆνˆ G bˆµˆ′νˆ′ − χ bˆνˆ G aˆµˆ′νˆ′ . (101)
It can be demonstrated that the above currents are all conserved currents which satisfy the
conservation laws
▽µˆJ µˆ aˆbˆ = 0 , ∂µˆJ µˆ = 0 , DµˆJ µˆ i = 0 , (102)
B. Dynamics of gravifield and spacetime with totally conserved energy-
momentum tensor
The equation of motion for the gauge-type gravifield χ aˆµˆ is found to be
∇νˆG µˆνˆaˆ = J µˆaˆ , (103)
with the definitions for the bicovariant tensor currents and covariant derivative as follows:
G
µˆνˆ
aˆ ≡ αW φ2χχˆµˆµˆ
′
χˆνˆνˆ
′Gµˆ′νˆ′aˆ , ∇νˆG µˆνˆaˆ = (∂νˆ − gwWνˆ)G µˆνˆaˆ + gsA bˆνˆaˆ G µˆνˆbˆ ,
J µˆaˆ = −χχˆ µˆaˆ L+
1
2
χχˆ ρˆaˆ χˆ
µˆ
cˆ Ψ¯−Γ
cˆiDρˆΨ− + χχˆ νˆ′aˆ χˆµˆµˆ
′
dµˆ′φdνˆ′φ− 2αEgsχφ2χˆ µˆcˆ χˆ µˆ
′
aˆ F cˆdˆµˆ′νˆ′χˆ νˆ
′
dˆ
−χχˆ ρˆaˆ χˆµˆµˆ
′
χˆνˆνˆ
′
φ [F iρˆνˆF
i
µˆ′νˆ′ + F cˆdˆρˆνˆFµˆ′νˆ′ cˆdˆ +WρˆνˆWµˆ′νˆ′ − αWφG bˆρˆνˆGµˆ′νˆ′bˆ ] . (104)
The bicovariant vector current J µˆaˆ is not a conserved current, while it is correlated to
a totally conserved energy-momentum tensor T µˆνˆ due to the translational invariance of
spacetime coordinates in the action, Eq. (91),
χ aˆνˆ J
µˆ
aˆ = T µˆνˆ , ∂µˆT µˆνˆ = 0 , (105)
where the totally conserved energy-momentum tensor is found to be
T µˆνˆ = −η µˆνˆ χL+
1
2
χχˆ µˆaˆ Ψ¯−Γ
aˆiDνˆΨ− + χχˆµˆµˆ′dµˆ′φdνˆφ− 2αEgsχφ2χˆ µˆaˆ F aˆbˆνˆρˆχˆ ρˆbˆ
− χχˆµˆµˆ′χˆρˆσˆφ [F iµˆ′ρˆF iνˆσˆ + F aˆbˆµˆ′ρˆFνˆσˆ cˆdˆ +Wµˆ′ ρˆWνˆσˆ − αWφG aˆµˆ′ρˆGνˆσˆaˆ ] , (106)
which possesses a hidden gauge symmetry.
The equation of motion for the gravifield, Eq. (103), can be expressed in connection with
the totally conserved energy-momentum tensor as follows
∂νˆG µˆνˆρˆ − G µˆρˆ = T µˆρˆ , (107)
with the definitions for the spacetime tensors
G µˆνˆρˆ ≡ αWφ2χχˆµˆµˆ
′
χˆνˆνˆ
′
χ aˆρˆ Gµˆ′νˆ′aˆ = −G νˆµˆρˆ , G µˆρˆ ≡ ΓσˆνˆρˆG µˆνˆσˆ . (108)
Here, G µˆνˆρˆ and G µˆρˆ are regarded as the gravifield tensor and gravifield tensor current with a
hidden gauge symmetry. The spacetime gauge field Γσˆνˆρˆ is defined in Eq. (98).
Equation (107) provides an equation of motion for the Goldstone-like gravifield with a
hidden gauge symmetry, which is an alternative to Einstein’s equation of general relativity.
Note that the gauge-invariant energy-momentum tensor T µˆρˆ given in Eq. (106) is a totally
conserved energy-momentum tensor. It contains contributions from all fields including the
gravitational effect. In general, Tνˆµˆ ≡ T ρˆνˆ ηρˆµˆ is not symmetric, Tνˆµˆ 6= Tµˆνˆ , and the equation
of motion, Eq. (107), has both symmetric and antisymmetric components. The symmetric
components of the equation of gravifield in Eq. (107) lead to a generalized Einstein equation
of general relativity in the six-dimensional spacetime.
In light of the energy-momentum conservation ∂µˆT µˆρˆ = ∂µˆ(J µˆaˆ χ aˆρˆ ) = 0, we obtain the
following conserved current
∂µˆG µˆρˆ = 0 , (109)
which is considered to be an alternative conservation law for the gravifield tensor current.
From Eqs. (107 )-(109), we arrive at the following equation,
1
2
Rσˆµˆνˆρˆ G µˆνˆσˆ − Γ νˆµˆρˆ T µˆνˆ = 0 , (110)
where Rσˆµˆνˆρˆ defines a field strength for the spacetime gauge field Γ
νˆ
µˆρˆ,
Rσˆµˆνˆρˆ ≡ ∂µˆΓσˆνˆρˆ − ∂νˆΓσˆµˆρˆ + Γσˆµˆσˆ′Γσˆ
′
νˆρˆ − Γσˆνˆσˆ′Γσˆ
′
µˆρˆ . (111)
Equation (110) indicates that the vector current made by two field strengths Rσˆµˆνˆρˆ and G µˆνˆσˆ
is identical to the vector current made through the spacetime gauge field Γ νˆµˆρˆ and the totally
conserved energy-momentum tensor T µˆνˆ .
All equations of motion are conformal scaling gauge invariant, which is attributed to the
introduction of the scalar field. It is easy to read off the equation of motion for the scalar
field
dµˆ(χχˆ
µˆνˆdνˆφ) = J , (112)
with the scalar current
J = −1
4
χχˆµˆµˆ
′
χˆνˆνˆ
′
[F iµˆνˆF
i
µˆ′νˆ′ +WµˆνˆWµˆ′νˆ′ + F aˆbˆµˆνˆFµˆ′νˆ′aˆbˆ ]
+
1
2
χφ[αW χˆ
µˆµˆ′χˆνˆνˆ
′GaµˆνˆGµˆ′νˆ′aˆ − 4αEgsχˆ µˆaˆ χˆ νˆbˆ F aˆbˆµˆνˆ − 6λsφ ] . (113)
VI. GEOMETRICAL SYMMETRY BREAKINGMECHANISM FORMASS GEN-
ERATION OF DIRAC SPINOR
It has been shown in the previous sections that a massless Dirac spinor generates
both chiral symmetry and conformal scaling symmetry, which allows us to extend the
usaual spinor spin symmetry SP(1,3)∼=SO(1,3) and Lorentz symmetry SO(1,3) in the
four-dimensional Minkowski spacetime to obtain an enlarged spinor spin gauge symme-
try SP(1,5)∼=SO(1,5)∼=SU∗(4) and global Lorentz symmetry SO(1,5) in a six-dimensional
Minkowski spacetime. In other words, to yield a massive Dirac spinor, either chiral symme-
try or conformal scaling symmetry has to break down.
It is clear that when the spinor spin symmetry SP(1,5)∼=SO(1,5) is broken down to
SP(1,4)∼=SO(1,4), the chiral symmetry is spoiled and the Dirac spinor is expected to become
massive. As a demonstration, let us consider the following background structure of spacetime
by choosing an appropriate expectation value of the bulk gravifield,
χ aˆµˆ (xˆ) = 〈χ aˆµˆ (xˆ)〉+ χ
′ aˆ
µˆ (xˆ) ,
〈χ aˆµˆ (xˆ)〉 = (ξ(z)η a˜µ˜ , ζ(z)η 66 ) , ξ(z) 6= ζ(z) , (114)
with µ˜ = (µ, 5) , a˜ = (a, 5) , x6 = z. Here ξ(z) 6= ζ(z) provides a necessary condition for
the symmetry breaking, i.e., SP(1,5)∼=SO(1,5) is broken down to SP(1,4)∼=SO(1,4). The
equation of motion of the Dirac spinor in such a background structure is found to be
ξ−1(z)Γµ˜i∂µ˜ψ(xˆ) + ζ
−1(z)i∂zψ(xˆ) +
5
2
ζ−1(z)i∂z(ln ξ(z))ψ(xˆ) = 0 . (115)
To solve the above equation, let us consider a type of ground state solution and ignore the
Kaluza-Klein modes. Namely, the Dirac field can be factorized into the following form
ψ(xˆ) = f(z)ψ(x˜) , f(z) = ρ(z)eiθ(z) , xµ˜ = (xµ , x5) , (116)
with the Dirac field ψ(x˜) defined in a five-dimensional spacetime. Suppose that ψ(x˜) satisfies
the following equation
Γµ˜i∂µ˜ψ(x˜) = mψ(x˜) (117)
with m the mass of the Dirac spinor. Substituting Eqs. (116)-(117) into Eq. (115), we obtain
two equations,
∂zθ(z) = mξ
−1(z)ζ(z) , ∂z ln ρ(z) = −5
2
∂z ln ξ(z) . (118)
Solving the above equations, we arrive at the solutions:
θ(z) = θ0 +m
∫ z
dz′ξ−1(z′)ζ(z′) , ρ2(z) = ρ20 ξ
−5(z) . (119)
In terms of such background solutions, the action for the massless Dirac spinor in the six
dimensional spacetime can be reduced, by integrating over the sixth dimension, to an action
with a massive Dirac spinor in a five dimensional spacetime. In order to make the resulting
theory finite for an infinitely large region of the sixth dimension, i.e., z = (−∞ , ∞), it
requires that
∫ ∞
−∞
dzξ−1(z)ζ(z) = finite . (120)
A simple function satisfying the above condition can be taken as
ζ(z) =
1√
π
e−z
2/l2c ξ(z) ,
∫ ∞
−∞
dz
1√
π
e−z
2/l2c = lc , lc > 0
θ(z) = θ0 +m
∫ z
−∞
dz′
1√
π
e−z
′
2/l2c = θ0 +
1
2
mlc(1 + erf(z/lc)) , (121)
with erf(z/lc) the error function, where lc plays a role as a characteristic length scale of
the sixth dimension. Note that the bulk gravitational field in the sixth dimension is only
considered as a background field. One should in general take into account the back reaction
effect by solving the gravitational equation.
VII. CONCLUSIONS AND REMARKS
We have shown that a massless Dirac spinor generates new symmetries under the transfor-
mations of chirality spin and charge spin as well as conformal scaling operations. Inspired
by the coherent relation between the dimensions of spacetime and the intrinsic quantum
numbers of Dirac spinors, we have demonstrated with the introduction of intrinsic W-parity
that the massless Dirac spinor can be treated as a Majorana-type or Weyl-type spinor in a
six-dimensional spacetime that reflects the intrinsic quantum numbers of chirality spin. A
generalized Dirac equation with maximal symmetry has been derived in the six-dimensional
spacetime.
Based on the framework of gravitational quantum field theory with the postulate of
gauge invariance and coordinate independence [1], we have built a gravitational gauge field
theory in the six-dimensional spacetime by gauging the maximal symmetry of the Dirac
field. The gauge-type gravifield is introduced as a bicovariant vector field defined in the six-
dimensional biframe spacetime. Such a biframe spacetime is shown to be a gravifield fiber
bundle E. The locally flat gravifield spacetime G is regarded as a fiber and the globally
flat Minkowski spacetime V as a base spacetime. Such a gravitational gauge field theory
is governed by the spinor spin gauge symmetry group SP(1,5)∼=SU∗(4) and the charge spin
gauge symmetry group SU(2) in the six-dimensional Minkowski spacetime characterized by
the global Poincare´ group P(1,5)= SO(1,5)⋉P 1,5. The global and local conformal scaling
symmetries of the theory demand the introduction of scalar and conformal scaling gauge
fields.
We have deduced a gravitational relativistic quantum equation for the massless Dirac
spinor in the six-dimensional spacetime with maximal gauge and global symmetries. The
equations of motion for the gauge fields have been shown to be described by the conserved
currents in the presence of gravitational effects. It has been demonstrated that the dynam-
ics of the gravifield as a Goldstone-like boson is governed by a totally conserved energy-
momentum tensor. The conservation law of the energy-momentum tensor leads to an al-
ternative equation between the field strengths and the spacetime gauge field given in the
hidden gauge formalism. The symmetric part of the totally conserved energy-momentum
tensor provides a generalized Einstein equation of gravity in the six-dimensional spacetime.
We have also demonstrated a geometrical symmetry breaking mechanism for the mass
generation of the Dirac spinor. When the background structure makes the spinor spin
symmetry SP(1,5)∼=SO(1,5) break down to SP(1,4)∼=SO(1,4), the chiral symmetry is auto-
matically spoiled and the Dirac spinor becomes massive. Such a mass generation mechanism
is an alternative to the Higgs mechanism. It is intriguing to study a possible correlation
between the Higgs boson and the gauge field component in the sixth dimension when the
theory is reduced to a lower dimensional spacetime.
In conclusion, we have shown that the maximal symmetry of the massless Dirac spinor
does lead to a more general theory in the six-dimensional spacetime. Such a theory is ex-
pected to cause some new physical effects in the presence of the gravitational interaction
at a high energy scale. In particular, the quantum effects of the gravitational gauge in-
teraction and charge spin gauge interaction need to be investigated in the six-dimensional
spacetime. It is also interesting to further study its implications, including the prediction
of doubly electrically charged bosons, and the existence of spinor spin gauge bosons in the
six dimensional spacetime. In particular, some intrinsic properties of extra dimensions and
alternative symmetry breaking mechanisms need to be explored in detail.
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